On globally hyperbolic spacetimes, each foliation by spacelike hypersurfaces corresponds to a Hamiltonian description of field theory, and unitarity follows formally from the Hermiticity of the Hamiltonian. For a renormalizable theory, unitarity at each order in perturbation theory follows from the corresponding Hermiticity of each term in the time-ordered product of interaction Hamiltonians. For more general spacetimes, one can still use the path integral to obtain a generalized Lehmann-SymanzikZimmermann reduction formula for S-matrix elements and the corresponding perturbative expansion.
I. INTRODUCTION
There is now a substantial literature on the behavior of quantum fields in curved spacetime [1] . Because of both conceptual and calculational difficulties, most investiga- tions have been restricted to the behavior of free fields. There has been more limited progress in the study of interacting quantum fields in curved spacetime, focused on the renormalizability of theories [2, 3] . Although unitarity of interacting quantum fields in curved spacetime has been assumed, the scattering identities which follow from unitarity (analogues of the Cutkosky rules) have ap-
parently not yet been explicitly obtained for general curved backgrounds.
A treatment of the unitarity relations that govern interacting fields in curved spacetime differs in two key ways from the standard discussion of flat-space unitarity. First, in flat spacetime the number of S-matrix elements contributing to each unitarity relation is substantially restricted by conservation of energy and momentum. In a generic curved spacetime no analogous restrictions persist. Second, flat-space quantum field theory is ordinarily treated in a momentum-space context, and the unitarity relations are obtained from analyticity properties of the momentum-space propagator. In a curved spacetime one has no natural way to define the relation between free-field unitarity and the preservation of the inner product on the one-particle Hilbert space (for scalar fields this is the Klein-Gordon inner product). We present the argument in a way that does not rely on global hyperbolicity of the spacetime. As we discuss in the following paper, free fields are unitary on a class of spacetimes with closed timelike curves, primarily because the inner product is conserved on these spacetimes as well [4] .
Next, in Sec. III, we consider unitarity for interacting field theories on globally hyperbolic spacetimes. When the corresponding free-field theory is unitary on a spacetime, perturbative unitarity of the interacting theory follows from the existence at each order of a self-adjoint Hamiltonian. For a perturbatively defined theory shown to be renormalizable to a particular order, we show that the theory is unitary to that order.
Even for spacetimes which are not globally hyperbolic, one can define a perturbative expansion for S-matrix elements. In Sec. IV we obtain a generalized LehmannSymanzik-Zimmermann (LSZ) reduction formula [5] The presentation of free-field unitarity given below is written in terms of a path-integral formalism intended to make sense regardless of whether the spacetime can be foliated by spacelike hypersurfaces. In globally hyperbolic spacetimes, free-field unitarity is well understood [7] , and readers interested only in the results for interacting fields in a globally hyperbolic setting can skip to the next section. The formalism introduced here will be used in the companion paper on the loss of unitarity for interacting fields on spacetimes with closed timelike curves [4] . Let ) or in the field representation, 
=0.
B. Unitarity
For free fields, when the 5 matrix exists, unitarity follows from the fact that the classical time evolution preserves the Klein-Gordon inner product,
where f and g are solutions to the Klein-Gordon equation in the past, Uf and Ug the corresponding solutions evolved in the future, and ( Uf I Ug ),", :
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The S matrix 4 is defined up to an overall constant by the requirement that it map N and~on the initial hypersurface 2;" to 4 and m. on the final hypersurface X, ", .
The statement that 4I on X, ", is evolved in time from
N~o n X;"by the Klein-Gordon equation can be expressed in the manner (f I @H ) = ( Uf I @H ) or
4'4s(f)S '=4~(Uf) (25) for any complex solution f in the past.
Define a'"' by 4s(x) =a'"'(x)+a '"'(x) (27) Sa'"(f)S '=a'"'(Uf) .
In other words, a "' is an annihilation operator that kills the image S~O) of the in vacuum. If we define a '"'by Hermiticity of tIt implies a '"'=(a'"') . Then preservation of the Klein-Gordon inner product implies that the commutation relations of a and a are preserved by S.
Finally, if we fix the overall normalization of 4 by , "&o~z'z~o&,"=I (see caveats below), then
To obtain this last equation, write an n-particle state in the form
Then the inner product;"( k . I~i . j );"oftwo in states is preserved by 1 4:
X [ '"tk» (33) where Eqs. (28) and (29) were used to obtain the next-tolast equality and~is a permutation of the indices i j.
Two caveats: First, if the image of the in vacuum does not have finite norm in V'"', Eq. (29) will fail to define an S matrix (see, e. g., DeWitt or Wald [7] 
and so, order by order,
x'. &a'la) =(a'IP"tZ'"la &, 
where we have used energy conservation, the scalar nature of the field, and the fact that the free S-matrix S' ' is trivial in flat spacetime. The pair of indices (I,J) label a complete, orthonorinal set of two-particle states, arising from the sum over the complete, orthonormal set of all n-particle states inserted between 8' t and S~". 
This is the generalization of the usual LSZ reduction formula.
To replace the product of field operators by products of propagators, we introduce, as usual, a generating functional The future basis vectors, however, will not be n-particle states with respect to the future Killing vector. Instead, We shall refer to a state~i , i"), ", as an n-particle state, because this terminology corresponds to the Feynman diagrams of the interaction picture: diagrams with n future external lines can then be called amplitudes for nparticle out states. A clean break is thereby made between particle creation due to the curved background and particle creation due to interactions. All remaining calculations, Feynman rules, and Feynman diagrams will use this expedient basis and terminology. To recapitulate, a future "n-particle state" has n particles with respect to the vacuum 1' '~0);", not to the natural vacuum of the future Killing vector. 
y( = irfdy, .
For example, the second order connected one-particle to one-particle transition amplitude for the A, y theory
is represented by The generalization of the infinite tower of unitarity identities to curved spacetime can be neatly described by the Feynman diagrams just outlined. The process of diagrammatically constructing the scattering unitarity identities in configuration space is quite straightforward. Several steps are similar to those used in constructing the Cutkosky rules in flat spacetime, in the momentum-space representation. We will obtain the identities corresponding to Eqs. (48) at order A, , A, , and A. . First, however, as a representative example, we begin with a detailed discussion of a particular diagram corresponding to oneparticle -one-particle scattering at order A, .
The one-particle -one-particle scattering identity is r )" arran rrrr. Note that, in general, terms contribute to Eqs. (63) (70) are nontrivial restrictions on the theory. The identities following from the second order, connected, two-particle -two-particle scattering process are derived analogously.
The two-particle -two-particle scattering identity is or, the smeared unitarity identity
This will hold for arbitrary particle states if the pointwise relation
is satisfied.
The three-particle -three-particle scattering identity is 0= g
Qnly the one-, three-, five-, and seven-particle states contribute to the intermediate states I A ) at second order are several contributing diagrams, of which only one will be cut apart here: 
The unitarity of the tadpole diagram depends on the reality of the regularized coincidence limit of the two-point function bF(x, x)=D(x,x)+D(x, x):
In the presence of closed timelike curves, the coincidence limit of the propagator will in general be complex, because it includes contributions from multiple loops around closed timelike (or null) curves, and the phases of these contributions depend on the global structure of the spacetime, not just on the short-distance behavior [4, 12] .
Higher-order unitarity relations are not of the form of Eq. (83). For instance, the pointwise unitarity relation from the third order, connected, one-particle -one-particle scattering diagram is
for (p, q, 
